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Abstract
A problem of stochastic optimal control for Markov chains with a finite number of
states in continuous time is considered. The problem statement is assumed a nonstationary finite horizon problem with constraints given as a set of inequalities. It
is shown that the optimal control within the class of Markov policies, if it exists,
may be found with the aid of maximum principle as a solution of some deterministic
optimal control problem. Meanwhile it can be shown that under simple assumptions
of convexity, which are common for optimal control problems, this solution is optimal
also within more general class of predictive controls. An approach to the numerical
solution of the optimal control problem has been suggested and its effectiveness is
illustrated by examples from the areas of the INTERNET congestion avoidance and
dams’ management.
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Introduction

Controlled Markov Chains (CMC) constitute a universal mathematical tool applicable to a wide class of applied problems including, but not limited to: stock and
production management (Davis 1993), Internet congestion control (Low ea. 2002),
large dams management (B. Miller and D. McInnes 2011), and many others.
Solutions to optimal control problems with feedback and active users have recently been developed and applied to Internet congestion control (A. Miller 2010).
Even more recent is the extension to the class of connected controlled Markov chains,
which is important for control of networks, such as wireless Internet, gas and water
allocation systems (A. Miller and B. Miller 2011).
However, the existing theory covers mainly systems with complete observations,
where the control depends on the current state of the Markov chains (MC). Even if

this class of controls provides the optimal solution to the problem with constraints
(B. Miller ea. 2011), there is an important class of systems where the state is not
observable and have to be estimated on the basis of observations. These problems
are usually referred to as partially observable Markov decision processes (POMDP).
Typical problems arising in the development of transmission control protocols (TCP)
in the Internet (Srikant 2004) also belong to this class.
Recent years have also seen a significant growth in the interest in the study of
POMDPs with the emergence of important results on the existence of an optimal
policy based on the observation of another jump process (Ceci ea. 2002) (with applications to life testing (Ceci and Mazliak 2004)). These results lead to the separation
principle in joint estimation and stochastic control problems (Ceci and Mazliak
2004), (Davis 1993) and to the development of numerical algorithms (Hao Zhang
2010). Usually, these problems may be solved with the aid of a two-step procedure:
estimation of the unobservable state on the basis of filtering (Aggoun-Elliott 2004),
(Liptser and Shiryaev 2005) and reduction of the problem to completely observable
MDP (Markov decision problems) on the basis of the separation principle.
However, in order to obtain the optimal control one needs first to solve the
dynamic programming equation, which belongs to a class of functional-differential
equations and which is difficult to solve even numerically and even for small dimensions.
Meanwhile, problems related to TCP usually invoke stochastic control with incomplete observations. The typical situation is that on the customer side the state
of router is unknown, and the customer sends data packets without any guaranty of
acceptance or rejection. In some very popular active queue management algorithms,
like Random Early Detection (RED) (Floyd and Jacobson 1993), the number of rejected packets serves as a proxy to the router’s state and serves as feedback for
customers to control their transmission rate and prevent congestion. The control of
the transmission rate based on the estimation of the router’s state is suggested in
(B. Miller ea. 2005-2). In some special cases it has been proven that the separation
principle is valid and new algorithms for control of transmission rate have been proposed. It was shown that the optimal law of the transmission rate is different from
the widely known additive increase/multiplicative-decrease (AIMD) algorithm and
should be realized with the aid of a concave window curve which depends on the
dynamic of the conditional probabilities for the non-observable state of the router.
This algorithm provides much less variability (up to five times (B. Miller ea. 2005-2))
of the transmission rate and therefore shows more stable performance particularly
for high speed, long distance and wireless communication networks. This is why
these algorithms were used in some newly developed TCPs like TCP-Illinois (Liu
ea. 2008) and Westwood+ (Westwood+ 2008).
In summary, the state-of-the-art in control of MC with a finite number of states
is as follows.
• The theory for completely observable systems with constraints guarantees the
existence of an optimal control and its explicit representation with the help
of the maximum principle. Numerical implementation can then be achieved
by first reducing the dynamic programming equation to a system of ordinary
differential equations (ODE) and second by solving the associated maxmin
problem (B. Miller ea. 2010)and (B. Miller ea. 2011). In this case effective
numerical algorithms have been developed – in comparison with popular TCP

RED (Srikant 2004), the application of optimized algorithms permits to improve the performance characteristics, by up to 50% for the average waiting
time and by up to 20% for the reduction of the number of rejected demands
(A. Miller and B. Miller 2012), (A. Miller and B. Miller 2013).
• While both existence and characterisation of an optimal control are also guaranteed for partially observable systems (Ceci ea. 2002), (Ceci and Mazliak
2004), a solution, whether explicit or numerical, is not available.
• Unlike for completely observable systems, when only partial observations are
available, one has to estimate the states (usually via filtering). However,
this effectively results in preventing the reduction of the dynamic programming equation to a system of ODEs (curse of dimensionality coupled with
a differential-difference form of the equation) and the use of the maximum
principle for a numerical implementation of the solution.
On the other hand the direct use of the separation principle – a substitution of
the MC state with its conditional expectation within the exact control (that
for the corresponding completely observable case), is only sub-optimal. Furthermore, no estimation of the difference between optimal and sub-optimal
solutions exists.
This article aims to demonastrate some promissing approach to the optimization
of POCMC (partially observable) CMCs which permits:
• develop a solution for the stochastic control problem for POCMCs, both unconstrained and constrained,
• develop effective numerical algorithms for solution of optimal control problem
of POCMCs, both unconstrained and constrained,
• develop approaches to new TCP for establishing the connection in abruptly
changing environment based on the available observation and the estimation
of unobservable MC states.
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Towards the optimization of POCMC

2.1
2.1.1

Overview
Theory

The first step is to develop a solution of the unconstrained stochastic control problem
for particular classes of POCMCs. So we shall initially consider the case of controlindependent generators. The general case will require the novel implementation of a
widely used technique (for example in financial mathematics), namely the change of
measure. The final stage of the theoretical aspect of the approach is the formulation
of the maxmin problem for solution of the problems with constraints.
It should be stressed that this is a non-classical problem that encompasses the
control of both process and observations, and therefore needs the development of
new filtering algorithms for discrete-continuous (hybrid) observations. These must
handle both counting processes such as the acknowledgment or rejection notifications

in TCP (which are discrete in nature), and continuous range measurements such as
round-trip time (RTT).
The next step is the extension of this approach to the class of constrained problems. This can be achieved by judiciously exploiting the convex properties of the
criterions’ attainable set and by using a Lagrange multipliers approach - as in the
the case of completely observable MDPs.
2.1.2

Numerical Algorithms

The aim is to develop effective numerical algorithms for solution of constrained optimal control problem of POCMCs. This part is based on the synthesis of stochastic
modelling for controlled MCs and filtering results for observation of the MC states.
Since the optimal values of criterions may be evaluated only statistically, one needs
to join together Monte-Carlo statistical modelling and strong results for the description of optimal feedback controls.
2.1.3

Applications

The aim is to mathematically model and develop approaches to new TCP for establishing the connection in abruptly changing environment based on the available
observation and the estimation of unobservable transmission lines states.
2.2

The control-independent case without constraints – an explicit solution

Here we use the standard problem statement (Elliott 1995, 2008), Chapter 12, and
previous results obtained in (B. Miller ea. 2005-1), (B. Miller ea. 2005-2). We describe our approach in general terms to highlight the main ideas. Suppose that the
state of a MC is described by a vector Xt ∈ S = {e1 , .., eN } where N is the number
of states and ei is the vector with all null entries, except of i-th which is 1. Vector
Xt satisfies the stochastic differential equation (Elliott 1995, 2008)
Zt
Xt = X0 +

Wt − square integrable martingal

A(s)Xs ds + Wt ,

(1)

0

with control independent generator A(t). We assume that the system (1) is completed by a set of stochastic differential equations describing the discrete-continuous
observations Yt , generating Yt = σ{Ys , 0 ≤ s ≤ t} (for details see (Elliott 1995,
2008)). The aim of the control is to minimize the cost function
 T

Z

J0 [u(·)] = E
hg(s.u(s)), Xs ids
(2)


0

over all Yt - predictable controls u(t) ∈ U, where U is the set of admissible control
values.
As was observed in (B. Miller ea. 2005-1), if the generator of CMC does not
depend on the control, then the optimal control may be found by application of the
maximum principle Thm. 2.9 (Elliott 1995, 2008) or Remark 7, Thm. 4 (B. Miller

ea. 2005-1). This simplification does not need the stipulation of the adjoint variables
and the optimal control reduces to
u∗ (t, qt∗ ) = argmaxhg(t, u), qt∗ i = argmaxhg(t, u), πt∗ i,

(3)

U

U

where πt∗ = E(Xt∗ |Yt ) and qt∗ is the conditional expectation of Xt∗ with respect
to some reference probability measure (provided by the change of measure) and ∗
refers to the optimal path. Since the conditional probabilities may be determined
for any predictable control, the substitution of (3) into the system dynamics gives
the optimal values of the running cost (2).
2.3

The control-independent case with constraints – a synthesis of the
explicit solution and a Monte-Carlo approach

Unfortunately, there is no direct way to evaluate the optimal cost without solution
of the dynamic programming equation. However, the value of the optimal cost
corresponding to a given initial condition may be evaluated by Monte-Carlo.
Confidence levels may be estimated and for a given optimal control u∗ one can
obtain a confidence interval for the value function J¯0 = E{J0 [u∗ ]}.
As we have to solve the problem with constraints, which are represented in the
form of inequalities J¯k ≤ 0, k = 1, ..., M for Jk having the same form as J0 (2), the
problem may be reduced to the unconstrained one by using the following observation.
An important characterization of the attainable set of constrained criteria is that
under rather mild conditions its closure is convex (B. Miller ea. 2010) which permits
to use the dual approach and to reduce the problem to a maxmin one (B. Miller ea.
2011), such as
(
)
M
X

E L(λ̄, u) = E J0 [u] +
λk Jk [u] → max min,
k=1

λk ≥0 u∈U

where the inner minimization is made over the observation measurable control. The
calculation of the current value of L(λ̄, u) is made by Monte-Carlo modelling and
via the maximization, by stochastic search, over Lagrange multipliers.
2.4

The general optimal control with constraints – a measure transformation approach

The difficulty in Monte-Carlo modelling resides in the dependence of the transition
rates on controls; the solution of the stochastic equations needs the evaluation of
very small transition probabilities if we need to approximate the problem with small
time-steps. This automatically creates numerical challenges.
However, earlier we suggested another approach to modelling of CMC which
is based on the change of measure (Aggoun-Elliott 2004) and which permits to
transform the counting processes responsible for transitions into standard Poisson
flows with constant transition intensities. This approach was used successfully for
modelling of the optimal control of data transmission flow (B. Miller ea. 2005-1).
This change of measure approach is effective if the original CMC has a controldependent generator and is described by the equation
Zt
Xt = X0 +

A(s, u(s))Xs ds + Wt ,
0

(4)

where Xt ∈ S = {e1 , ..., eN } and X0 is the initial state of the MC. The (N × N )
matrix A(t, u) is the generator of the MC, with entries λj,k (t, u) and is assumed to
be continuous on (t, u) ∈ [0, T ] × U, where T < ∞ and U are the time horizon
and the control set respectively. Here the process Wt is a square integrable martingale. We also assume that the control is based on the observation of some vector
discrete-continuous process Y (t), which joins together discrete (counting processes)
and continuous observations (diffusions) - for details see (Elliott 1995, 2008), Chapter 12. The difficulties of the optimal control search for this class of problems are
described above. However, one can transform this problem to the equivalent problem
with the control-independent generator Ā(t) with the aid of the following measure
transformation (Aggoun-Elliott 2004), p. 227.
We assume that the control-dependent intensities λi,j (t, u) (entries of A(t, u)) are
either nil (transition from i to j is not possible) or uniformly-in-u bounded away
from 0: λi,j (t, u) ≥ δ i,j (t) > 0. Let Gt = σ{Xs , ys |0 ≤ s ≤ t}. Define the conditional
density

Λt = E

Y
i 6= j
i ,→ j

dP̄
|Gt
dP

exp

 t
Z



=

i,j

log

λ̄ (s)
dJ i,j (s) −
i,j
λ (s, u(s))

0

Zt
0



(λ̄i,j (s) − λi,j (s, u(s))ds ,


(5)

where J i,j (t) is the counting process of jumps from state i to j and i ,→ j
indicates that the transition is possible.
Under the probability measure P̄ the counting processes J i,j (t) have controlindependent intensities λ̄i,j (t). The problem of control of MC (4) can now be replaced
by the equivalent problem for the MC with control-independent generator Ā. The
cost function must be replaced by




ZT
ZT




J[u] = E hφ, XT i + hg(t, u(t)), Xt i = Ē hφ, qTu i + hg(t, u(t)), qtu i ,




0

0

where qtu = Ē[Λut Xtu |Yt ] is the new phase variable which has to be substituted into
relation (3) for determining the optimal control.

3

Model of the TCP descrided by Markov chains with incomplete information

Some recent results on controlled Markov chains with incomplete information (B.
Miller ea. 2005-1) permit to analyse the flow rate control scheme with unknown
probability of access which assumed to be changing according to the Hidden Markov
Model driven by a Gilbert-type path model (Gilbert 1960) with two states. Transitions between two states are governed by the generator


−λ
λ
A=
.
µ
−µ

Losses or ECN marks arrive according to a counting process Nt with intensities
c1 and c2 (c1 < c2 ); that is, state 1 corresponds to a “good” state and state 2
corresponds to a “bad” of the transmission line.
The equation for the conditional probability πt1 = E(I{Xt = 1}|FtN ) has the
form (Liptser and Shiryaev 2005, Chapter 19, Example 2)
πt1 (1 − πt1 )(c2 − c1 )
dNt .
πt1 c1 + πt2 c2
(6)
Therefore, between jumps, control ut > 0 acts to increase the conditional probability π 1 , but at the arrival instants of jumps of Nt this probability abruptly decreases.
To calculate the “optimal” control, we take the cost function
dπt1 = [−λπt1 + (1 − πt1 )µ + ut πt1 (1 − πt1 )(c2 − c1 )] dt −

f0 (u, x) = −

a2
,
RT T 2 (x)u

which is frequently used to select the control in the TCP. This is a standard utility
function of TCP New Reno (Srikant 2004), and it is rather convenient for calculations
since the control maximizing the expression hf0 (u) − kcu, πt i is uniformly bounded,
strictly positive, and can be calculated explicitly.
Here the parameter RT T (x) is the so-called round trip time, i.e., the sum of the
time between sending a packet and its arrival to a recipient and the time necessary
to obtain an acknowledge receipt from the recipient to the sender. This parameter
depends on an unobservable state of the Markov chain as well. The optimal control,
which maximizes hf0 (u) − kcu, πt i, has the form
v
u
πt1
1 − πt1
u
+
u
a t RT T 2 (1) RT T 2 (2)
uopt (πt ) = √
.
(7)
c1 πt1 + c2 (1 − πt1 )
k
Between two consecutive losses, the conditional probability for the “good” state
increases. Consequently, the “optimal” sending rate increases as well. When a
packet is lost or a congestion notification arrives, the conditional probability for the
“good” state, as well as the “optimal” sending rate, decreases abruptly by a jump.
In (B. Miller ea. 2005-1) we developed the optimal stochastic control scheme
which demonstrates more stable behavior of the transmission rate and much less
variability even in the case of abruptly changing probability of access (see Fig. 3).
The difference in operating of the optimal and the standard AIMD TCP is shown
in the Fig. 1 These results show that the optimal control is more effective than
existing TCP Reno basing on the same admissible information. Standard TCPs use
typically AIMD (Additive increase/muptiple decrease) scheme which is one of suboptimal stochastic controls scheme where the flow of rejected packages serves as the
observations and the control (transmission rate) is a function of these observations.
To perform numerical experiments, one needs to substitute (7) into (6) and solve
this differential equation numerically. It is important to note that one should solve
the differential equation and generate the counting process Ntu simultaneously since
Ntu depends on the sending rate u and the state of the path. Some examples of
numerical solutions are presented in (B. Miller ea. 2005-1).

Figure 1: The time evolution of the sending rate for standard TCP Reno - (black)
using AIMD scheme and for Optimal sending rate scheme - (blue)

The modeling was based on the standard driving Poisson process that does not
depend on the state and control (Elliott 1995, 2008). In statistical modeling, this
method is more efficient if the state of the Markov chain does not depend on the
control since in this case one only needs to generate one standard state-and-controlindependent Poisson process. Modeling results for the average control, its standard
deviation, and the corresponding performance criteria obtained with the aid of this
method are given below. All calculations were made with the same parameters
for the router with two states, driven by the control independent Markov chain,
where the control is the user sending rate, who is trying to maximize the volume of
transmitted information “minus“ the cost of traffic and the average number of lost
packages (see the utility function corresponding to the case of so-called minimum
potential delay fairness (Srikant 2004) p. 14). Note that the average values of the
“optimal” and standard TCP controls appeared to be almost identical (see Fig. 1).
We proved this by statistical modeling of 100 paths. The average values of the
performance criterion averaged also by time are
¯ OPT ] = −2.86,
J[u

¯ AIM D ] = −3.06,
J[u

and the average values of the control are
ūOPT = 2.43,

ūAIM D = 2.32.

Even though the difference between the respective average criteria is not so substantial, the difference between the standard deviations is quite impressive:
σ(uOPT ) = 0.763,

σ(uAIM D ) = 4.452.

In other words, modeling results show that, under the same average control level,
variations of the “optimal” control are much less than for the standard TCP. The
average values and standard deviations obtained with the aid of 100 paths are shown
in Figs. 2 and 3.
Monte-Carlo modelling of these two scheme shows that under the same at the
average transmission rate (see Fig. 2), the variance, which characterized the stability
under abruptly changing access probability, of the Optimal sending transmission rate
scheme is 6 - times less (see Fig. 3).
The advantages of this Optimal sending rate scheme were successfully used in two
new TCP, namely, in TCP-Illinois (Liu ea. 2008) and TCP-Westwood+ (Westwood+
2008).

Figure 2: Average sending rate of TCP Reno - (black) using AIMD scheme and for
Optimal sending rate scheme - (blue)

Figure 3: Variance of the sending rate for TCP Reno - (black) using AIMD scheme
and for Optimal sending rate scheme - (blue)
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